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Introduction
In this paper we investigate Lie algebras of local infinitesimal CR automorphisms natu-
rally associated to germs of homogeneous CR manifolds. This is carried out by introducing
the abstract notion of CR algebras. Their formal properties and the structure of their mor-
phisms suggested considering notions of nondegeneracy of the CR structure, which are
weaker than the one used in [5–7,11,12]: this becomes strict nondegeneracy, and besides
we introduce weak and ideal nondegeneracy. The three concepts, distinct in general, agree
in the case of a pseudo-complex graded Lie algebra.
Each notion has a geometric meaning for the associated germ of homogeneous CR
manifold: weak nondegeneracy ruling out complex CR fibrations, ideal nondegeneracy
complex CR foliations.
The notion of ideal nondegenerate CR algebras comes naturally into play to ensure fi-
nite dimensionality of maximal transitive prolongations. For the corresponding germ of
CR manifold it entails that the local group of local CR automorphisms is a Lie group. For
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phic nondegeneracy of [1].
Strict nondegeneracy was shown by Tanaka (see [5,11,12]) to be a necessary and suf-
ficient condition for the finiteness of the maximal transitive pseudo-complex prolongation
of a transitive pseudo-complex graded Lie algebra: finiteness is a key point to investigate
the equivalence of CR structures by the É. Cartan method.
The consideration of CR algebras and the new notions of nondegeneracy are primarily
intended to extend the application of the É. Cartan method to larger classes of CR mani-
folds, without their Levi–Tanaka algebra being strictly nondegenerate. Many examples of
this sort are provided by orbits of real Lie groups of conformal transformations in flag man-
ifolds. For these we provide maximality criteria with respect to transitive prolongations.
We do not discuss here the question of the global existence of a homogeneous CR man-
ifold M associated to a given finite dimensional CR algebra, which would involve criteria
for the closedness of the isotropy subgroup. However, to every finite dimensional CR al-
gebra we can associate a germ of homogeneous CR manifold. The notion of local CR
isomorphism provides a tool to investigate CR equivalence of germs defined by different
CR algebras. All notions of nondegeneracy are proved to be stable under both prolongation
and reductions, being therefore CR invariant for a germ of homogeneous CR manifold.
Fundamental CR algebras admit canonical filtrations. The associated graded Lie alge-
bras fit into the theory of pseudo-complex graded Lie algebras of [5,11,12]. In fact, the
finiteness theorem for ideal nondegenerate CR algebras is obtained from a general crite-
rion of Serre (see the appendix in [3] and Theorem 11.1 in [12]) having considered the
associated graded Lie algebra as a Lie subalgebra of a Levi–Tanaka algebra (cf. [5,11,12]).
We also investigate the abstract set-up which permits to decompose a germ of homo-
geneous CR manifold into a totally real, a totally complex, and a weakly nondegenerate
CR part: every germ of homogeneous CR manifold is, in an equivariant way, a fibration
over a totally real base, having a CR manifold of finite kind as a typical fiber, which in
turn is an equivariant fibration, with totally complex fibers, over a weakly nondegenerate
CR manifold. This singles out weakly nondegenerate homogeneous CR manifolds as the
most natural class of homogeneous manifolds, whose geometry is a full interplay of “com-
plex” and “real”. Rather, ideal nondegenerate homogeneous CR manifolds seem to be total
spaces of nontrivial complex CR fibrations over weakly nondegenerate CR manifolds.
This paper is the final and extended version of the first chapter of a manuscript that for
a long time circulated in preprint versions [8,9].
1. Basic definitions
A CR algebra, (g,q) is a pair consisting of a real Lie algebra g and of a subalgebra q of
its complexification gˆ = C ⊗R g, such that T (g,q) = g/(g∩ q) is finite dimensional.
We call the real subalgebra g+ =H0(g,q) = g ∩ q of g the isotropy of (g,q) and the
vector space T = T (g,q) = g/g+ its real tangent space.We do not assume, in our definition, that g is finite dimensional.
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both here and in the following, are taken with respect to the real form g of gˆ. We call the
quotient H=H(g,q) =H+/g+ ⊂ T the analytic tangent space of (g,q).
We have:
Lemma 1.1. The analytic tangent space H of a CR algebra (g,q) has even real dimension
and carries a unique complex structure J , characterized by the property:
for X,Y ∈H+: J (X + g+) = Y + g+ if and only if X + √−1Y ∈ q. (1.1)
This unique complex structure J on H is called the partial complex structure of (g,q).
The dimension n of H as a complex vector space is the CR dimension of (g,q), and the
difference dimR T − dimRH its CR codimension. The pair (n, k) is the type of (g,q).
Since [g+,H+] ⊂H+, the adjoint representation defines a quotient representation ρ of
g+ on H, which is C-linear for the complex structure J of Lemma 1.1.
CR algebras can also be defined in terms of real data:
Lemma 1.2. Let g be a real Lie algebra, g+ a Lie subalgebra of g, H+ a real vector
subspace of g such that
g+ ⊂H+ and [g+,H+] ⊂H+, (1.2)
and J a complex structure on the quotient H =H+/g+. Then a necessary and sufficient
condition in order that g+ be the isotropy, H the analytic tangent space and J :H→H
the partial complex structure of a CR algebra (g,q), is that the following integrability
conditions are satisfied:
∀X,Y ∈H+ and X′ ∈ J (X + g+), Y ′ ∈ J (Y + g+),
[X,Y ] − [X′, Y ′] ∈H+, (1.3)
J
([X,Y ] − [X′, Y ′]+ g+)− ([X,Y ′]+ [X′, Y ])⊂ g+. (1.4)
If the integrability conditions above are satisfied, the subalgebra q is uniquely deter-
mined by the data of g+, H+, and J on H.
This lemma provides an alternative definition of CR algebras by the data
(g,g+,H+,H=H+/g+, J ), (1.5)
satisfying the integrability conditions (1.3), (1.4), which does not invoke the complexifica-
tion gˆ of g. We note that q can be obtained from (1.5) by the formula:
q =
⋃{
X + √−1J (X + g+) | X ∈H+
}
. (1.6)
Consider the pair (gˆ,q) consisting of the complexification gˆ of g and its complex Lie
subalgebra q. We have:
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ι :T = g/g+ → T C = gˆ/q (1.7)
be the R-linear monomorphism induced by the inclusion g ↪→ gˆ. Then:
(a) T C := gˆ/q = ι(T )+ √−1ι(T );
(b) ι(H) = ι(T )∩ √−1ι(T );
(c) T 1,0 := q/(q∩ q) and T 0,1 := q/(q∩ q) are complex subspaces of Tˆ and
T 1,0 ∩ T 0,1 = {0}, T 1,0 ⊕ T 0,1 = C ⊗R H;
(d) the mapH  ξ → ξ −√−1Jξ ∈ T 1,0 is a C-linear isomorphism and the mapH  ξ →
ξ + √−1Jξ ∈ T 0,1 an anti-C-linear isomorphism (for the complex structures defined
by J on H and by multiplication by √−1 in Tˆ );
(e) the map T 1,0 → T C obtained by passing to the quotients from the inclusion q ↪→ gˆ is
a C-linear monomorphism, onto the subspace (q+ q)/q of T C.
We say that the CR algebra (g,q) is embedded in the complex pair (gˆ,q).
Let (g,q) be a CR algebra of type (n, k). We call (g,q):
• trivial if q = gˆ, i.e., g = g+: this is the case where the CR dimension and codimension
are both 0;
• totally real if q = gˆ+ = C⊗R g+, i.e., if g+ =H+ or, equivalently, the CR dimension n
is 0;
• totally complex if q + q = gˆ, i.e., if H+ = g, or, equivalently, the CR codimension k
is 0;
• fundamental if H+ generates g as a Lie algebra; or, equivalently, q+ q generates gˆ as
a complex Lie algebra;
• transitive, or effective, if g+ does not contain any nonzero ideal of g.
Let (gˆ,q) be a complex pair and fix a real form g of gˆ. Let ˆˆg = gˆ⊕ gˆ be the direct sum
of two copies of the complex Lie algebra gˆ. Consider the real Lie subalgebra of ˆˆg defined
by:
g˜ = {(Z, Z¯) | Z ∈ gˆ}.
Then, ˆˆg is the complexification of g˜, and the conjugation in ˆˆg defined by its real form g˜
is:
σ : ˆˆg  (Z,W) → (W¯ , Z¯) ∈ ˆˆg.
Next we define: { }q˜ = (Z,W) ∈ ˆˆg | Z ∈ q, W ∈ gˆ .
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complex CR algebra and the real isomorphism gˆ  Z → (Z, Z¯) ∈ g˜ gives a complex iso-
morphism T C →H(g˜, q˜).
In this way we can associate a totally complex CR algebra to any complex pair.
We say that the CR algebra (g,q) is a CR subalgebra of the CR algebra (g′,q′) if g is a
real Lie subalgebra of g′ and q = q′ ∩ gˆ. From the inclusion map g ↪→ g′ we obtain in this
case injective linear maps T (g,q) → T (g′,q′) and H(g,q) →H(g′,q′).
Given any CR algebra (g,q), we may identify g with a Lie subalgebra of g˜ by the map
g  X → (X,X) ∈ g˜. In this way (g,q) becomes a CR subalgebra of the totally complex
CR algebra (g˜, q˜) defined above.
2. Nondegeneracy conditions
Let (g,q) be a CR algebra of type (n, k).
We introduce three different notions of nondegeneracy for (g,q), namely:
• ideal nondegenerate, if there is no ideal a of g with a ⊂H+ and a ⊂ g+;
• weakly nondegenerate, if there is no complex subalgebra q′ = q of gˆ with q ⊂ q′ ⊂
q+ q;
• strictly nondegenerate, if {X ∈H+ | [X,H+] ⊂H+} = g+.
Clearly we have the implications:
strictly nondegenerate ⇒ weakly nondegenerate ⇒ ideal nondegenerate
For transitive CR algebras (g,q), ideal nondegenerate is reduced to the statement:
there are no nontrivial ideals of g contained in H+
and this condition is actually equivalent to transitive and ideal nondegenerate.
Lemma 2.1. Let (g,q) be a transitive CR algebra. Then (g,q) is ideal nondegenerate if
and only if (g,q′) is transitive for all complex subalgebras q′ of gˆ such that q ⊂ q′ ⊂ q+ q.
Proof. In fact, if a is an ideal of g contained inH+(g,q), then q′ = q+C⊗Ra is a complex
subalgebra of gˆ with q ⊂ q′ ⊂ q+ q and a is an ideal contained in H0(g,q′). The converse
is clear because H+(g,q) =H+(g,q′) if q ⊂ q′ ⊂ q+ q. 
Lemma 2.2. A CR algebra (g,q) is strictly nondegenerate if and only if :
′ [ ′]∀Z ∈ q \ gˆ+, there exists Z ∈ q such that Z, Z¯ /∈ q+ q. (2.1)
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the statement follows from the observation that {X ∈ H+ | [X,H+] ⊂ H+} is the set of
real parts of elements of Z . 
Lemma 2.3. Let (g,q) be a CR algebra. Set
a = {X ∈H+ | [X,H+] ⊂H+}. (2.2)
Then a is a Lie subalgebra of g satisfying g+ ⊂ a ⊂H+ and such that a = Ja.
Proof. If X,Y ∈ a, then [X,Y ] ∈H+ and[[X,Y ],H+]= [X, [Y,H+]]+ [Y, [X,H+]]⊂ [X,H+] + [Y,H+] ⊂H+.
This shows that a is a Lie subalgebra of g.
Let A ∈ a and let A′ ∈ J (A + g+). Then A′ − √−1A ∈ q and we obtain, for Z = X +√−1X′ ∈ q, with X,X′ ∈H+:[
A′,Z
]= √−1[A,X] − [A,X′]+ [A′ − √−1A,Z].
Since the real part of the right-hand side belongs to H+, we obtain [A′,X] ∈H+. This is
true for every X ∈H+ and thus we conclude that Ja = a. 
We call a triple (g,b,v) where g is a real Lie algebra, b a Lie subalgebra of g, and v a
b-invariant linear subspace of g, a contact algebra.
If (g,q) is a CR algebra, both the triples (g,g+,H+) and (g,a,H+) with a defined by
(2.2) are contact algebras. The natural projection (g,g+,H+) → (g,a,H+) is in a natural
way a fibration with totally complex fibers (see Section 4).
Example 1. Let g = su(1,3). We identify g with the algebra of complex matrices X satis-
fying X∗K +KX = 0 for the Hermitian symmetric form in C4 associated to the matrix
K =

0 0 0 1
0 1 0 0
0 0 1 0
1 0 0 0
 .
Then gˆ = sl(4,C). Let q be the subalgebra of sl(4,C) consisting of the matrices of the
form: 
a11 a12 a13 a14
a21 a22 a23 a24
0 0 a33 a34
 .
0 0 a43 a44
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A∗ is the conjugated transposed of a complex 4×4 matrix. Then q+q consists of matrices
of the form: 
a11 a12 a13 a14
a21 a22 a23 a24
a31 a32 a33 a34
0 a42 a43 a44
 .
We observe that q is a maximal proper parabolic subalgebra of sl(4,C). Every subalgebra
q′ containing q will also be parabolic and hence it will either coincide with q or else be
equal to gˆ = sl(4,C). This shows that (g,q) is weakly nondegenerate.
The isotropy g+ consists of all complex matrices of the form:
a11 a12 a13 a14
0 a22 0 −a¯12
0 0 a33 −a¯13
0 0 0 −a¯11

with a14, a22, a33 purely imaginary; the subspace H+ is the set of complex matrices of the
form: 
a11 a12 a13 a14
a21 a22 −a¯32 −a¯12
a31 a32 a33 −a¯13
0 −a¯21 −a¯31 −a¯11
 ,
with a14, a22, a33 purely imaginary.
The CR algebra (g,q) is weakly nondegenerate and of type (3,1).
The set of all complex matrices in H+ which are of the form:
a11 a12 a13 a14
0 a22 −a¯32 −a¯12
0 a32 a33 −a¯13
0 0 0 −a¯11

provides a Lie subalgebra a of g with g+  a H+ and [a,H+] ⊂H+; this shows that
(g,q) is not strictly nondegenerate.
Example 2. Our next example is an ideal nondegenerate CR algebra (g,q) which does not
satisfy the weak nondegeneracy condition.
To this aim we take g = su(1,2) identified with the set of 3 × 3 complex matrices X
satisfying: X∗K +KX = 0 for the Hermitian symmetric matrix K given by:
K =
(1 0 0
0 0 1
)
.0 1 0
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matrices of the form: (
a11 a12 a13
0 a22 a23
0 0 a33
)
.
Here we obtain:
q+ q =
{(
a11 a12 a13
a21 a22 a23
a31 0 a33
)}
∩ sl(3,C).
SinceH+ = g, the CR algebra (g,q) is ideal nondegenerate: indeed an ideal of g contained
in H+ is a proper ideal of g, and hence {0} because g is simple. On the other hand, the
subalgebra q′ of the matrices Z in sl(3,C) which are of the form:
Z =
(
a11 a12 a13
a21 a22 a23
0 0 a33
)
satisfies q  q′ ⊂ q+ q, hence (g,q) is not weakly nondegenerate.
3. Pseudo-complex graded Lie algebras
In this section we illustrate the way pseudo-complex graded Lie algebras (cf. [5,11,12])
fit the general framework of CR algebras.
A pseudo-complex graded Lie algebra is a pair (g, J ) consisting of
(i) a Z-graded real Lie algebra g =⊕p−µ gp of finite kind µ (recall that dimR gp < ∞
for every p ∈ Z, [gp,gq ] ⊂ gp+q for all p,q ∈ Z, and g−µ = 0);
(ii) the assignment of a complex structure J :g−1 → g−1 on its homogeneous subspace
g−1 satisfying { [X,Y ] = [JX,JY ] ∀X,Y ∈ g−1,
[A,JX] = J [A,X] ∀X ∈ g−1, ∀A ∈ g0. (3.1)
By (3.1), the subspace q of the complexification gˆ = C ⊗R g defined by:
q = {X + √−1JX | X ∈ g−1} ⊕
⊕
p0
gˆp (3.2)
(where gˆp = C ⊗R gp is the complexification of the real subspace gp of g) is a complex
Lie subalgebra of gˆ and therefore (g,q) is a CR algebra according to our definition.√By (3.1) the subspace {X + −1JX | X ∈ g−1} is an Abelian subalgebra of gˆ.
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with the corresponding CR algebra (g,q) constructed herein.
We note that for this class of algebras the condition that (g,q) is fundamental is equiv-
alent to
gp = [gp+1,g−1] for all p < −1, (3.3)
and, under this assumption, transitivity is equivalent to:
X ∈
⊕
p0
gp and [X,g−1] = 0 ⇒ X = 0. (3.4)
Lemma 3.1. Let (g,q) be the CR algebra associated to a pseudo-complex graded Lie
algebra (g, J ). Assume that (g,q) is fundamental and transitive. Then (g,q) is strictly
nondegenerate if and only if it is ideal nondegenerate.
Proof. Define a−1 = {X ∈ g−1 | [X,g−1] = 0}. Our first claim is that a−1 = 0 if and
only if (g,q) is strictly nondegenerate. Indeed, if this is not the case, there is X ∈H+ =⊕
p−1 gp such that [X,H+] ⊂ H+ and X /∈ g+ =
⊕
p0 gp . Then the homogeneous
component X−1 of degree −1 of X is different from 0 and [X−1,g−1] = 0, i.e., X−1 ∈ a−1.
Assuming that a−1 = 0, we define recursively:
ap =
{
X ∈ gp | [X,g−1] ⊂ ap−1
}
for p  0.
We claim that a =⊕p−1 ap is an ideal. To this aim it suffices to show that
[gp,aq ] ⊂ ap+q (∗)
for all p,q ∈ Z. Since we assumed that (g,q) is fundamental, this is true, when p < 0, for
all q . In particular we can argue by induction on the number p+q . For p+q < 0, we only
need to settle the case where p = 0 and q = −1. If X ∈ a−1 and A ∈ g0, then we have for
all Y ∈ g−1: [[A,X], Y ]= [[A,Y ],X]+ [A, [X,Y ]]= 0
because [X,Y ] = [[A,Y ],X] = 0 by the definition of a−1. This shows that (∗) is true
for p + q < 0. Let us fix m  0 and assume we already know that (∗) holds true when
p + q < m. Let p0, q0 ∈ Z with p0 + q0 = m and fix A ∈ gp0 , X ∈ aq0 . Then for Y ∈ g−1
we obtain: [[A,X], Y ]= [[A,Y ],X]+ [A, [X,Y ]] ∈ ap0+q0−1
because [A,Y ] ∈ gp0−1, hence [[A,Y ],X] ∈ ap0+q0−1 by the induction hypothesis; like-
wise [X,Y ] ∈ aq0−1 by the definition of aq0 , hence [[X,Y ],A] ∈ ap0+q0−1 by the induction
hypothesis.
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converse is always true. The proof is complete. 
We recall (see [11,12]) that a pseudo-complex graded Lie algebra is a subalgebra of a
maximal pseudo-complex graded Lie algebra, which is uniquely determined modulo iso-
morphisms of pseudo-complex graded Lie algebras. This is called Levi–Tanaka algebra
and is finite dimensional if and only if the associated CR algebra is strictly nondegenerate.
4. Morphisms of CR algebras
We keep the notation of Section 1. Let (g,q) and (g′,q′) be CR algebras. A real Lie alge-
bra homomorphism φ :g → g′ extends to a complex Lie algebra homomorphism φˆ : gˆ → gˆ′
of the complexifications. In case φˆ(q) ⊂ q′, we say that the pair
Φ = (φ, φˆ|q′q ) : (g,q) → (g′,q′) (4.1)
is a morphism of CR algebras.
For simplicity we write g′+ for H0(g′,q′), H′+ for H+(g′,q′), T ′ for T (g′,q′), H′ for
H(g′,q′), and denote the complex structure of H′ by J ′. By passing to the quotients, the
morphism of CR algebras (4.1) defines an R-linear map
φ˜ :T → T ′ (4.2)
of their tangent spaces T , T ′, which gives, by restriction of the domain and of the
codomain, a C-linear map of their analytic tangent spaces:
φ˜0 :H→H′ such that φ˜0 ◦ J = J ′ ◦ φ˜0. (4.3)
The following lemma relates a morphism of CR algebras to its description in terms of
real data:
Lemma 4.1. Let (g,q) and (g′,q′) be two CR algebras. Let φ :g → g′ be a real Lie algebra
homomorphism. Then the following are equivalent:
(1) φˆ(q) ⊂ q′;
(2) φ(g+) ⊂ g′+, φ(H+) ⊂ H′+ and the map φ˜0 :H → H′ defined by the commutative
diagram with exact rows:
0 g+
φ|g
′+
g+
H+
φ|H
′+
H+
H
φ˜0
0
0 g′+ H′+ H′ 0
(4.4)is C-linear (i.e., φ˜0 ◦ J = J ′ ◦ φ˜0).
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behavior of the maps φ˜ :T → T ′ and φ˜0 :H→H′; namely, (4.1) is said to be:
• a CR immersion if φ˜ :T → T ′ is injective and φˆ−1(q′) = q;
• a CR submersion if both φ˜ :T → T ′ and φ˜0 :H→H′ are onto;
• a local CR isomorphism if both φ˜ and φ˜0 are isomorphisms, i.e., if Φ is at the same
time a CR immersion and submersion;
• a CR isomorphism if φ is an isomorphism of real Lie algebras such that φˆ(q) = q′.
We note that, with the CR algebras morphisms, the CR algebras form a category CR,
and CR isomorphisms define an equivalence in CR.
Lemma 4.2. Let (g,q) be a CR algebra and (b,v) a CR subalgebra of (g,q). Then the
inclusion ι :b ↪→ g defines a CR immersion (ι, ιˆ|qv) : (b,v) → (g,q).
Lemma 4.3. If (4.1) is a CR immersion, then φ−1(g′+) = g+.
Corollary 4.4. Assume that the CR algebras morphism (4.1) is a CR immersion. Then, if
(g,q) is transitive, φ :g → g′ is a monomorphism of real Lie algebras.
Proof. In fact, kerφ is an ideal of g that is contained in g+. 
Lemma 4.5. A necessary and sufficient condition for a CR algebras morphism (4.1) to be
a CR submersion is that one of the following equivalent sets of conditions is satisfied:{
q′ = gˆ′+ + φˆ(q),
gˆ′ = gˆ′+ + φˆ(gˆ),
or
{H′+ = g′+ + φ(H+),
g′ = g′+ + φ(g). (4.5)
Proof. In fact, the surjectivity of φ˜ :g/g+ → g′/g′+ is equivalent to g′+ + φ(g) = g′; the
surjectivity of φ˜0 :H+/g+ →H′+/g+ is equivalent to H′+ = g′+ + φ(H+).
The equivalence with the conditions expressed in terms of the complexification φˆ : gˆ →
gˆ′ is straightforward, using the characterization of q and q′ in terms of H+, H′+ and
J , J ′. 
We have an obvious notion of composition of morphisms of CR algebras: if
Φ = (φ, φˆ|q′q ) : (g,q) → (g′,q′) and Ψ = (ψ, ψˆ |q′′q′ ) : (g′,q′)→ (g′′,q′′)
are morphisms of CR algebras, then
Ψ ◦Φ = (ψ ◦ φ, ψ̂ ◦ φ|q′′q ) : (g,q) → (g′′,q′′)
is also a morphism of CR algebras, which we call the composition of Φ and Ψ .
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We have the commutative diagram:
(g,q)
Φ
Ψ
(g′,q′)
(φ(g), φ̂(g)∩ q′)
(4.6)
where Ψ = (φ|φ(g)g , φˆ|φ̂(g)∩q
′
q ) and the diagonal arrow is the CR immersion.
When Ψ is a CR submersion, we say that Φ is a strict morphism of CR algebras.
CR immersions and submersions are strict morphisms of CR algebras.
A CR subalgebra (g,q) of a CR algebra (g′,q′) is said to be stable if g′+ = g+.
Let (4.1) be a morphism of CR algebras. Set{
g′′ = φ−1(g′+),
q′′ = q∩ gˆ′′. (4.7)
Then (g′′,q′′) is a stable CR subalgebra of (g,q). Denote by
ΥΦ =
(
ι, ιˆ|qq′′
)
:
(
g′′,q′′
)→ (g,q) (4.8)
the corresponding CR immersion.
The CR algebra (g′′,q′′) = (φ−1(g′+),q∩ ̂φ−1(g′+)) is called the fiber of (4.1).
Set T ′′ = T (g′′,q′′), H′′ =H(g′′,q′′) for the tangent and the analytic tangent space of
the fiber.
Lemma 4.6. The following sequences are exact:
0 −→ T ′′ −→ T −→ T ′,
0 −→ H ′′ −→ H −→ H ′. (4.9)
Lemma 4.7. Let (g,q) be a CR algebra. Let a be the largest ideal of g contained in g+ and
π :g → g/a the projection onto the quotient. Then
(
π, πˆ |πˆ(q)q
)
: (g,q) → (g/a,q/aˆ) (4.10)
is a local CR isomorphism of (g,q) onto a transitive CR algebra, with a trivial fiber.
We shall refer to the morphism of Lemma 4.7 as the transitive reduction of the CR
algebra (g,q).
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Let g be a real Lie algebra and q, q′ be two complex subalgebras of gˆ, with q ⊂ q′ and
g/g∩ q of finite dimension. The identity map g → g defines a morphism of CR algebras:
Φ
q′
q =
(
idg, idgˆ|q
′
q
)
: (g,q) → (g,q′) (5.1)
that we call g-equivariant.
If moreover Φq
′
q is a CR submersion, we say that Φq
′
q is a g-equivariant CR fibration.
The fiber (g′′,q′′) is given in this case by g′′ = g′+ =H0(g,q′) and q′′ = q∩ q′.
Lemma 5.1. Let g be a real Lie algebra and q, q′ be two complex subalgebras of gˆ, with
q ⊂ q′. Then a necessary and sufficient condition for Φq′q to be a g-equivariant fibration is
that there exists a real subalgebra t of g such that
q′ = q+ tˆ. (5.2)
Proof. By Lemma 4.5, the fact that Φq
′
q is a CR submersion is equivalent to
q′ = q+ q′ ∩ q′ = q+ Ĥ0(g,q′).
Then the condition is necessary.
Assume now that t is a Lie subalgebra of g and that q+ tˆ is still a subalgebra of gˆ. Then
(q+ tˆ)∩ g is still a subalgebra of g. Therefore we can assume that t ⊃ g+ = H0(g,q)
and that (q + tˆ) ∩ g = t. Then Φq′q satisfies the conditions of Lemma 4.5, and is a CR
submersion. 
The fiber (g′′,q′′) of a g-equivariant fibration completely determines q′ ⊃ q by q′ =
q+ gˆ′′. The g-equivariant fibration Φq′q : (g,q) → (g,q′) will also be written as:
(g,q)
(g′′,q′′)
(
g,q′
)
, (5.3)
with (g,q) the total space, (g,q′) the base, and (g′′,q′′) the fiber of the fibration (5.3).
If (g,q) is a CR algebra and b a nonzero ideal of g, then bˆ is an ideal in gˆ; hence
q′ = q + bˆ is a subalgebra of gˆ and (g,q′) is a CR algebra. So we have an equivariant
canonical fibration (5.3). Note that
g′+ =
{
X ∈ g | ∃Y ∈ b such that X + iY ∈ q+ bˆ}⊃ g+ + b,
but the two sets may in general be different. Since b is an ideal of g contained in g′+, the
base is not transitive.In particular, we have the following:
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Lemma 5.2. Let (g,q) be a CR algebra and b the largest ideal of g contained in H+. Then
(5.3) with q′ = q + bˆ defines a g-equivariant fibration with an ideal nondegenerate base
and a complex fiber.
We shall refer to the morphism of Lemma 5.2 as to the ideal nondegenerate reduction
of the CR algebra (g,q).
B. Reduction to fundamental CR algebras
Theorem 5.3. Every CR algebra (g,q) admits a unique g-equivariant CR fibration (5.3)
with a totally real base and a fundamental fiber.
Proof. Denote by g′′ the subalgebra of g generated by H+. Then q′ = gˆ′′ is the complex
subalgebra of gˆ generated by q + q. Clearly (g,q′) is totally real and the g-equivariant
fibration (g,q) → (g,q′) has a fundamental fiber. Uniqueness follows because for every
g-equivariant morphism (g,q) → (g, q˜) onto a totally real CR algebra (g, q˜), the subalgebra
q˜ must contain q + q and be the complexification of a real subalgebra g˜+ of g containing
H+(g,q); hence q˜ ⊃ q′. The fiber is then (g˜+,q) and it is not fundamental unless q + q
generates q˜ = ̂˜g+, i.e., g˜+ = g′′. 
We shall refer to the canonical g-equivariant fibration of Theorem 5.3 as to the funda-
mental reduction of the CR algebra (g,q).
Note that if Φ : (g,q) → (g′,q′) is a CR submersion and (g,q) is fundamental, then also
(g′,q′) is fundamental.
C. Reduction to weakly nondegenerate CR algebras
Theorem 5.4. Every fundamental CR algebra (g,q) admits a unique g-equivariant CR
fibration (5.3) with a weakly nondegenerate fundamental base and a totally complex fiber.
The statement of the theorem is a consequence of the following two lemmas.
Lemma 5.5. Let (g,q) be a CR algebra. Then every complex subalgebra a of gˆ such that
q ⊂ a ⊂ q+q is of the form a = q+ aˆ+, where a+ = a∩g. Moreover, a+/g+ is J -invariant
and [
aˆ+,q+ q
]⊂ q+ q. (5.4)
Proof. Let Z ∈ a. Since a ⊂ q + q, we have ImZ ∈H+ and therefore there exists Z′ ∈ q
such that Z − Z′ ∈ a+. This shows that a = q + a+ (as a sum of R-linear vector spaces),
proving the first part of the lemma.
If X ∈ a+, by the definition of J we have X+√−1J (X+ g+) ⊂ q, hence J (X+ g+) ⊂
a∩ g = a+.
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that, passing to the complexification, we obtain (5.4). 
Using Lemma 5.1, we obtain:
Corollary 5.6. Let (g,q) be a CR algebra. Then, for every complex subalgebra q′ of gˆ such
that q ⊂ q′ ⊂ q + q, the map Φq′q : (g,q) → (g,q′) is a g-equivariant CR fibration with a
totally complex fiber.
Lemma 5.7. Let (g,q) be a CR algebra. Then there exists a unique maximal subalgebra q′
of gˆ such that q ⊂ q′ ⊂ q+ q.
Proof. Let Q denote the family of all complex Lie subalgebras a of gˆ such that
q ⊂ a ⊂ q+ q.
Since dimC(a/q)  dimR T < ∞, Q contains an element q′ which is maximal in Q with
respect to inclusion. To prove that this q′ is a maximum in Q, i.e., that q′ =⋃Q, it suf-
fices to show that, if a, b are two subalgebras in Q, then the subalgebra of gˆ generated by
a + b is still contained in q + q. Using the previous lemma, we can write a = q + aˆ+ and
b = q+ bˆ+. Then it is enough to prove that all higher order commutators1 [Z1,Z2, . . . ,Zm]
with Z1,Z2, . . . ,Zm ∈ q ∪ aˆ+ ∪ bˆ+ belong to q + q. We argue by induction on m. First
we observe that the statement is obvious if m  2. So we assume that m  3 and that
all commutators of at the most (m − 1) elements in q ∪ aˆ+ ∪ bˆ+ belong to q + q. Next
we observe that [Z1,Z2, . . . ,Zm] ∈ q ⊂ q + q if Z1,Z2, . . . ,Zm ∈ q, so that in this case
there is nothing to prove. Then we assume that some Zi belongs to aˆ+ ∪ bˆ+ and we ar-
gue by recurrence on the smallest j , 1  j  m, such that Zj ∈ aˆ+ ∪ bˆ+. If j = 1, then
[Z1,Z2, . . . ,Zm] = [Z1, [Z2, . . . ,Zm]] belongs to q + q by the previous lemma, because
[Z2, . . . ,Zm] ∈ q+ q by the induction assumption. So assume that j > 1 and that all com-
mutators of m terms in q ∪ aˆ+ ∪ bˆ+ containing some term from aˆ+ ∪ bˆ+ in the position i
with 1 i < j belong to q+ q. We write:
[Z1, . . . ,Zj−1,Zj ,Zj+1, . . . ,Zm] = [Z1, . . . ,Zj−2,Zj ,Zj−1,Zj+1, . . . ,Zm]
+ [Z1, . . . ,Zj−2, [Zj−1,Zj ],Zj+1, . . . ,Zm].
By recursion, the first term on the right-hand side is in q+ q. Since [Zj−1,Zj ] = Z′ +Z′′
with Z′ ∈ q and Z′′ ∈ aˆ+ ∪ bˆ+ by the previous lemma, also the second summand on the
right-hand side belongs to q+ q (by the induction assumption). The proof is complete. 
Now we complete the proof of Theorem 5.4. Let q′ be the largest subalgebra of gˆ that
contains q and is contained in q + q. Since, with g′+ =H0(g,q′) = q′ ∩ g, we have q′ =
1 They are defined recursively by [Z1] = Z1, for m = 1, [Z1,Z2] is the product in gˆ for m = 2, and
[Z1,Z2, . . . ,Zm] = [Z1, [Z2, . . . ,Zm]] for m 3.
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follows that (g,q′) is weakly nondegenerate. Finally, the fiber (g′+,q′′), with q′′ = q∩ gˆ′+,
is totally complex because g′+ ⊂H+.
We shall refer to the canonical g-equivariant fibration of Theorem 5.4 as to the weakly
nondegenerate reduction of the fundamental CR algebra (g,q).
D. The reduction diagram
Let (g,q) be a CR algebra. Let us denote by f the Lie subalgebra of g generated by
H+ =H+(g,q) and by q′ the largest subalgebra of gˆ such that q ⊂ q′ ⊂ q+ q. Next we set
g′ =H0(g,q′) =H0(f,q′) and q′′ = q ∩ gˆ′. Then the canonical fibrations discussed in this
section can be summarized in the diagram:
(g,q)
(f,q)
(g, fˆ)
(g′,q′′)
(g, fˆ) (5.5)
where (g, fˆ) is totally real, (g′,q′′) is totally complex, (f,q′) weakly nondegenerate.
Example. Consider the complex manifold F1,2(C4) whose points are the pairs (,α) con-
sisting of a complex line  through the origin of C4 and a complex plane α containing .
The complex Lie group SL(4,C) acts transitively on F1,2(C4) and the manifold F1,2(C4)
can be viewed as the homogeneous space SL(4,C)/Q, where Q is the parabolic subgroup
corresponding, for a basis e1, e2, e3, e4 of C4, to the matrix group:
Q =


a11 a12 a13 a14
0 a22 a23 a24
0 0 a33 a34
0 0 a43 a44
 ∈ SL(4,C)
 .
We fix in C4 a Hermitian symmetric form B with two positive and two negative eigen-
values. Then we consider the real hypersurface M in F1,2(C4) consisting of all (,α) ∈
F1,2(C4) with α totally isotropic. The real subgroup SU(2,2) of SL(4,C) acts transitively
on M .
Choose a basis e1, e2, e3, e4 of C4 in which the matrix associated to B is:
0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0
 .
Then (,α), where  is generated by e1 and α by e1, e2 belongs to M . The manifold M is
isomorphic to the quotient SU(2,2)/(Q ∩ SU(2,2)).
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g =


α ζ1 ζ2
√−1t4
z1 β
√−1t3 −ζ¯2
z2
√−1t2 −β¯ −ζ¯1√−1t1 −z¯2 −z¯1 −α¯

∣∣∣∣∣∣
α,β, ζ1, ζ2, z1, z2 ∈ C,
t1, t2, t3, t4 ∈ R,
α + β ∈ R

and q is the Lie algebra of the complex subgroup Q.
We observe that
q′ =


a11 a12 a13 a14
a21 a22 a23 a24
0 0 a33 a34
0 0 a43 a44
 ∈ sl(4,C)

is the largest subalgebra of sl(4,C) contained in q + q; the CR algebra (q,q′) is totally
real because q¯′ = q′ and the fiber (g′′,q′′) of the fundamental reduction (g,q) → (g,q′) is
totally complex.
We have indeed:
g′′ =


α ζ1 ζ2
√−1t4
z β
√−1t3 −ζ¯1
0 0 −β¯ −ζ¯2
0 0 −z¯ −α¯

∣∣∣∣∣∣
α,β, ζ1, ζ2, z ∈ C,
t1, t2, t3, t4 ∈ R,
α + β ∈ R

and q′′ = q, so that g = q+ q.
The g-equivariant fibration actually corresponds to the map which associates to each
point (,α) of M the totally isotropic plane α. The fiber is then the complex projective line
of all complex lines contained in α.
6. Weakly nondegenerate CR algebras
In this section we characterize weak nondegeneracy in terms of the higher order Levi
form.
Let (g,q) be a CR algebra. Set by recurrence
q(j) =
{ {Z ∈ q+ q | [Z,q] ⊂ q+ q} if j = 0,
{Z ∈ q(j−1) | [Z,q(j−1)] ⊂ q(j−1)} if j  1, (6.1)
and let
q′ =
⋂
j0
q(j) = {Z ∈ q+ q | [Z1, . . . ,Zm,Z] ∈ q+ q ∀m and Z1, . . . ,Zm ∈ q}. (6.2)
We have:
C. Medori, M. Nacinovich / Journal of Algebra 287 (2005) 234–274 251Lemma 6.1. q′ is the largest complex subalgebra of gˆ that contains q and is contained in
q+ q.
Proof. Clearly q′ contains every subalgebra of gˆ that contains q and is contained in q+ q.
Hence it suffices to show that q′ is a subalgebra. Since q ⊂ q′ ⊂ q+ q, we have
q′ = q+ q′ ∩ g.
We note that [
q′ ∩ g,q+ q]⊂ q+ q.
Since q′ is certainly a q-module, it suffices to verify that [X,Y ] ∈ q′ when X,Y ∈ q′ ∩ g.
This is equivalent to the fact that for every m and Z1, . . . ,Zm ∈ q we have:[
Z1, . . . ,Zm, [X,Y ]
] ∈ q+ q.
In order to use induction on m, it is more convenient to prove a slightly more general
statement, namely that
[X0, . . . ,Xm,Y ] ∈ q+ q
if Y ∈ q′ ∩ g, all but one of the vectors X0, . . . ,Xm belong to q and the remaining one
belongs to q′ ∩ g. The case m = 0 is clear, because X0 ∈ q′ ∩ g ⊂ q+ q and then
[X0, Y ] ∈
[
q+ q, Y ]⊂ q+ q.
Assume now that m > 0 and that [Y0, . . . , Y, Y ] ∈ q + q if  < m and all but one of
the Y0, . . . , Y belong to q, and the remaining one belongs to q′ ∩ g. Let X0, . . . ,Xm be
given with Xi ∈ q for i = i0 and Xi0 ∈ q′ ∩ g. The case i0 = 0 is trivial, because then
[X1, . . . ,Xm,Y ] ∈ q+ q and hence
[X0,X1, . . . ,Xm,Y ] =
[
X0, [X1, . . . ,Xm,Y ]
] ∈ [X0,q+ q]⊂ q+ q.
If i0 > 0, we write:
[X0, . . . ,Xm,Y ] = [Xi0,X0, . . . ,Xi0−1,Xi0+1, . . . ,Xm,Y ]
−
i0−1∑
j=0
[
X0, . . . , [Xi0,Xj ], . . . ,Xi0−1,Xi0+1, . . .Xm,Y
]
.
The first term on the right-hand side belongs to q + q (i.e., the case i0 = 0 treated above);
to prove that each term of the sum on the right-hand side also belongs to q+ q it suffices to
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The term [
X0, . . . ,Xj−1,X′j ,Xj+1, . . . ,Xi0−1,Xi0+1, . . .Xm,Y
]
belongs to q+ q because Y ∈ q′; the term[
X0, . . . ,Xj−1,X′′j ,Xj+1, . . . ,Xi0−1,Xi0+1, . . . ,Xm,Y
]
belongs to q+ q by induction. The proof is complete. 
From the previous lemma we derive the following criterion for weak nondegeneracy:
Theorem 6.2. Let (g,q) be a CR algebra. A necessary and sufficient condition for (g,q)
to be weakly nondegenerate is that, for every Z¯ ∈ q \ q there is a positive integer m and
Z1, . . . ,Zm ∈ q such that [
Z1, . . . ,Zm, Z¯
]
/∈ q+ q. (6.3)
7. Ideal nondegenerate CR algebras
Let (g,q) be a fundamental CR algebra. Let a be the subalgebra of g:
a = {A ∈H+ | [A,H+] ⊂H+} (7.1)
introduced in Lemma 2.3. We observed that g+ ⊂ a ⊂H+ and strict nondegeneracy means
that a = g+.
To investigate the meaning of ideal nondegeneracy, it is convenient to introduce a filtra-
tion {a(p)}p0 of the algebra a of (7.1), by setting:{
a(0) = a,
a(m) = {X ∈H+ | [X,H+] ⊂ a(m−1)} if m 1. (7.2)
Equivalently:
a(m) = {X ∈H+ | [X0, . . . ,Xr,X] ∈H+ if 0 r m and X0, . . . ,Xr ∈H+}. (7.3)
Lemma 7.1. For each m 0, a(m) is an ideal in a and
a(0) ⊃ a(1) ⊃ a(2) ⊃ · · · ⊃ a(m) ⊃ a(m+1) ⊃ · · · (7.4)
is a filtration of the Lie algebra a: indeed we have[
(p) (q)
]
(p+q)a ,a ⊂ a ∀p,q  0. (7.5)
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rence that m 1 and that a(j) is an ideal in a for all 0 j < m. Let A1 ∈ a, A2 ∈ a(m). If
X ∈H+ we obtain[[A1,A2],X]= [[A1,X],A2]+ [A1, [A2,X]] ∈ [H+,a(m)]+ [a,a(m−1)]⊂ a(m−1)
by the definition of a(m) and the induction assumption that a(m−1) is an ideal in a. This
shows that a(m) is an ideal in a.
In order to prove (7.5), we argue by induction on p + q . The case p + q  1 is clear,
because a = a(0) and a(1) are ideals in a. Assume now that m > 1 and that [a(j),a()] ⊂
a(j+) if j + <m. Let A1 ∈ a(p), A2 ∈ a(q) with p+q = m. If either p = 0 or q = 0, then
(7.5) is again reduced to the fact that each a(j) is an ideal in a. Assume then that p,q > 0.
For every X ∈H+ we have[[A1,A2],X]= [[A1,X],A2]+ [A1, [A2,X]]⊂ [a(p−1),a(q)]+ [a(p),a(q−1)]
⊂ a(p+q−1),
hence [A1,A2] ∈ a(p+q). The proof is complete. 
Lemma 7.2. Let (g,q) be fundamental. Define:
b =
⋂
p0
a(p). (7.6)
Then b is the largest ideal in g contained in H+.
In particular, b ⊂ g+ if (g,q) is ideal nondegenerate and b = {0} if (g,q) is transitive
and ideal nondegenerate.
Proof. It is clear from the definition that [b,H+] ⊂ b. Since by our assumption H+ gen-
erates g, it follows that b is an ideal in g. Then bˆ is an ideal in gˆ and is contained in q+ q
because b ⊂ a ⊂ H+. It also follows from its definition that b contains every ideal of g
contained in H+, therefore is the largest ideal of g contained in H+. 
The following proposition reinterprets ideal nondegeneracy in terms of the higher order
real Levi form.
Theorem 7.3. A fundamental CR algebra (g,q) is ideal nondegenerate if and only if there
is an integer ν  0 for which the two equivalent properties hold true:
(i) a(p) ⊂ g+ if p  ν;
(ii) if A ∈H+ \ g+, there are X0,X1, . . . ,Xr ∈H+, with 0 r  ν such that[X0,X1, . . . ,Xr,A] /∈H+. (7.7)
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above. For each m 0 the set
e(m) = g+ + a(m) (7.8)
is a subalgebra of g: indeed a(m) is an ideal in a ⊃ g+ and therefore a g+-module. We have
the descending chain of subalgebras:
a = e(0) ⊃ e(1) ⊃ · · · ⊃ e(m) ⊃ e(m+1) ⊃ · · · .
Each is an ideal of finite codimension in the preceding one and their intersection is g+. For
each m, the real vector space e(m)/g+ is finite dimensional. From:
a/g+ = e(0)/g+ ⊃ e(1)/g+ ⊃ · · · ⊃ e(m)/g+ ⊃ e(m+1)/g+ ⊃ · · ·
and ⋂
m0
(
e(m)/g+
)= b/(b∩ g+) = {0}
we deduce that there is a smallest integer ν  0 such that e(ν) = g+. Hence a(p) ⊂ g+ for
all p  ν.
Then equivalence between (i) and (ii) follows by the characterization of a(m) given
by (7.3).
The sufficiency of (i) and (ii) is obvious. 
8. The canonical filtration of fundamental CR algebras
Let (g,q) be a fundamental CR algebra. We define, for p  0:
g(0) = g+ =H0(g,q),
g(−1) =H+ =H+(g,q),
g(p) = g(p+1) + [g(p+1),H+] if p −2.
(8.1)
From the definition we obtain:
[g(p),g(q)] ⊂ g(p+q) ∀p,q  0. (8.2)
By the assumption that (g,q) is fundamental (recall that T = g/g+ is finite dimen-
sional), there is a smallest positive integer µ such that g(−µ) = g. Thus we obtain a finite
filtrationg(0) ⊂ g(−1) ⊂ g(−2) ⊂ · · · ⊂ g(1−µ) ⊂ g(−µ) = g,
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m =
⊕
−µp−1
mp, where mp = g(p)/g(p+1). (8.3)
The Lie product on m is defined on the homogeneous elements by:[
πp(X),πq(Y )
]= πp+q([X,Y ]) if X ∈ g(p), Y ∈ g(q), and p,q < 0, (8.4)
where πj :g(j) → mj is the projection onto the quotient.
The smallest nonnegative integer µ for which g(−µ) = g is called the kind of (g,q).
To continue the filtration for positive indices, we prove the following
Lemma 8.1. Let (g,q) be a fundamental CR algebra. Set g(0) = g+ and define by recur-
rence:
g(p) =
{
X ∈ g+ | [X,H+] ⊂ g(p−1)
} for p  1. (8.5)
Then
g+ = g(0) ⊃ g(1) ⊃ g(2) ⊃ · · · ⊃ g(p) ⊃ · · · (8.6)
is a descending chain of ideals in g+, characterized by the properties:
(1) g(0) = g+ and g(1) is the kernel of the representation ρ of g+ on H;
(2) for each p  1 the adjoint representation induces, by passing to the quotients, an
R-linear map λp :g(p) → HomR(H,g(p−1)/g(p)) and g(p+1) = kerλp for all p  1.
The intersection
c =
⋂
p0
g(p) (8.7)
is the largest ideal of g that is contained in g+. Hence (g,q) is transitive if and only if
c = {0}.
Proof. We note that g(1) is characterized by (1), hence is an ideal in g+. Assume that p > 1
and that we have already proved that g(j) is an ideal in g+ when 0  j < p. If X ∈ g(p)
and Y ∈ g+, we have:[[X,Y ],H+]⊂ [X, [Y,H+]]+ [Y, [X,H+]]⊂ g(p−1)
because [Y,H+] ⊂H+, [X,H+] ⊂ g(p−1) by definition and [Y,g(p−1)] ⊂ g(p−1) as g(p−1)
is an ideal in g+. This shows that all g(p) are ideals in g+. Clearly g(p+1) ⊂ g(p) for all
p  0.
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(g,q) is fundamental, the inclusion [c,H+] ⊂ c implies that [c,g] ⊂ c, i.e., that c is an ideal
of g contained in g+. On the other hand, by their definition, all g(p)’s, for p  0, contain
any ideal a of g that is contained in g+. This completes the proof of the lemma. 
Lemma 8.2. Let (g,q) be a fundamental CR algebra and g(p), for p ∈ Z, be the linear
subspaces of g defined above. Then
[g(p),g(q)] ⊂ g(p+q) ∀p,q ∈ Z. (8.8)
Proof. The inclusion (8.8) is clear when p,q < 0 (see (8.2)), for every p when q = −1,
and also for p  0 and q = 0. Let us prove by recurrence that it is true for all p  0
when q < 0. Having observed that it is true when q = −1, we assume q < −1 and that
[g(p),g(j)] ⊂ g(p+j) when p  0 and q < j < 0. Then, with p  0:
[g(p),g(q)] = [g(p),g(q+1)] +
[
g(p), [g(q+1),H+]
]
⊂ g(p+q+1) +
[[g(p),g(q+1)],H+]+ [[g(p),H+],g(q+1)]
⊂ g(p+q+1) + [g(p+q+1),H+] + [g(p−1),g(q+1)]
⊂ g(p+q).
To conclude, we only need to check the case where p,q  0. We can argue by recurrence
on the sum m = p + q . The case p + q  1 is trivial. Assume that we already know that
for some m> 1
[g(j),g(h)] ⊂ g(j+h) if j  0, h 0, j + h <m,
and let X ∈ g(p), Y ∈ g(q) with p,q > 0 and p + q = m. Then[[X,Y ],H+]= [[X,H+], Y ]+ [[Y,H+],X]⊂ [g(p−1), Y ] + [g(q−1),X] ⊂ g(p+q−1)
shows that [X,Y ] ∈ g(p+q). This completes the proof. 
The two lemmas above can be summarized by the following:
Theorem 8.3. The sequence
· · · ⊂ g(p) ⊂ g(p−1) ⊂ · · · ⊂ g(1) ⊂ g(0) ⊂ g(−1) ⊂ g(−2) ⊂ · · · ⊂ g(−µ) = g, (8.9)
with the g(p)’s defined as above, is a filtration of the Lie algebra g.
We call (8.9) the canonical filtration of the fundamental CR algebra (g,q).
We call co-kind of (g,q) the minimum µ′ of the integers p  0, for which g(p) = g(p+1)
(we set µ′ = +∞ when g(p) = g(p+1) for all p  0; when µ′ = +∞, we have g(p) = g(µ′)
for all p  µ′).From the structure of filtrations of semisimple Lie algebras we obtain:
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If g is semisimple, then µ′  µ.
Proof. Denote by κg the Killing form of g. If g is semisimple, κg is nondegenerate.
If X ∈ g(p), Y ∈ g(q) and p + q > 0, then ad(X) ◦ ad(Y ) is nilpotent and therefore
κg(X,Y ) = 0. Let us take X ∈ g(µ′) \ {0}. Since κg is nondegenerate, there is some Y ∈ g
such that κg(X,Y ) = 0. Then Y ∈ g(p) \ g(p+1) for some p  −µ′, and this implies that
µ−p  µ′. 
Example. We consider in C4 the Hermitian symmetric matrix
B =

1 0 0 0
0 0 0 1
0 0 1 0
0 1 0 0

of signature (1,3). Let g be the real Lie algebra of 4 × 4 matrices with zero trace such
that BA + A∗B = 0, where as usual A∗ is the conjugated transposed of A. Then gˆ is the
complex Lie algebra of 4 × 4 matrices with zero trace.
We consider the subalgebra q of gˆ defined by:
q =


a11 a12 a13 a14
0 a22 a23 a24
0 0 a33 a34
0 0 a43 a44
 ∈ sl(4,C)
 .
Then the CR algebra (g,q) is transitive, fundamental, weakly nondegenerate, but it is not
strictly nondegenerate. Its CR dimension is 4, CR codimension 1 (hypersurface type), kind
2 and co-kind 0.
It corresponds to the homogeneous CR manifold M consisting of the pairs (,α) where
 is a non isotropic complex line through the origin of C4 and of a plane α ⊃  on which
B is degenerate (note that B is then positive definite on ).
The fundamental graded Lie algebra m defined by (8.3) is pseudo-complex, hence
we can construct the corresponding Levi–Tanaka algebra m˜ =⊕p−µ mp (see [5,12]).
Denote by gr(g,q) =⊕p−µ grp(g) the graded Lie algebra associated to the canonical
filtration (8.9) of (g,q). Then we have:
Theorem 8.5. The graded Lie algebra gr(g,q), associated to a fundamental CR algebra
(g,q), is a transitive pseudo-complex prolongation of m, therefore there is a canonical
monomorphism of graded Lie algebras
gr(g,q) → m˜. (8.10)
Proof. This comes indeed from the definition of the canonical filtration and of the canon-
ical pseudo-complex prolongation in [5,11]. 
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and (g/c,q/cˆ) have the same associated graded pseudo-complex Lie algebra: gr(g,q) =
gr(g/c,q/cˆ).
9. Finite dimensionality of fundamental ideal nondegenerate CR algebras
The main motivation for considering ideal nondegenerate CR algebras is the following:
Theorem 9.1. Let (g,q) be an ideal nondegenerate transitive fundamental CR algebra.
Then g is finite dimensional.
Proof. We use Theorem 8.5. In particular, we can consider gr(g,q) as an m-module, for
the fundamental pseudo-complex graded Lie algebra m defined by (8.3). It suffices to show
that gr(g,q) is finite dimensional and to this aim we utilize the criterion of Serre (see the
appendix in [3], Theorem 11.1 in [12] or Theorem 2.2 in [5]):
A necessary and sufficient condition for gr(g,q) to be finite dimensional is that the
m-module
H
(
gr(g,q)
)= {Θ ∈ gr(g,q) ∣∣ [Θ, ⊕
p−2
mp
]
= {0}
}
(9.1)
is finite dimensional.
If X ∈ g(p), we denote by grp(X) the corresponding element, homogeneous of degree p,
in gr(g). Let m˜ be the Levi–Tanaka algebra corresponding to the pseudo-complex funda-
mental graded Lie algebra m. By Theorem 8.5, we can assume that gr(g) ⊂ m˜ as a graded
subalgebra.
We already know that m˜ is finite dimensional if and only if m is nondegenerate (see
[11,12] or [5, Theorem 3.1]). This is equivalent to (g,q) being nondegenerate: hence, by
Theorem 8.5, g is finite dimensional in this case.
We are left with the discussion of the case where (g,q) is ideal nondegenerate, but the
algebra a defined by (7.1) is = g+.
We note that, if we split m−1 into the sum of
m′−1 =
{
gr−1(A) | A ∈ a
} (9.2)
and of a complementary (complex) linear subspace m′′−1, then
m′ = m′−1 and m′′ = m′′−1 ⊕
(⊕
mp
)
(9.3)p−2
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m = m′ ⊕m′′ (9.4)
into the direct sum of two graded pseudo-complex fundamental ideals. According to [5,
Proposition 3.3], the Levi–Tanaka algebra generated by m can be identified with the direct
sum of the two Levi–Tanaka algebras m˜′ and m˜′′ corresponding to m′ and m′′ respectively:
m˜ = m˜′ ⊕ m˜′′. (9.5)
Note that m˜′′ is finite dimensional. Indeed Serre’s criterion applies because
H
(
m˜′′
)= {Θ ∈ m˜′′ ∣∣ [Θ, ⊕
p−2
mp
]
= {0}
}
⊂
⊕
p0
m˜′′p, (9.6)
as was shown, for instance, in the proof of Theorem 3.1 in [5]. This is indeed a conse-
quence of the fact that m′′ is nondegenerate. On the contrary, m′ is Abelian, therefore m˜′ is
infinite dimensional, and we cannot apply the simple argument given at the beginning for
the nondegenerate case.
Let ν be the smallest positive integer such that a(ν) ⊂ g+. Let Ξ ∈ g(ν) be such that
grν(Ξ) ∈ H(gr(g,q)). Since ν  1, the m˜′′-component of grν(Ξ) is zero and grν(Ξ) be-
longs to m˜′ν . This condition implies that, for every X0,X1, . . . ,Xν ∈H+, the commutator
[X0,X1, . . . ,Xν,Ξ ] belongs to a. As Ξ ∈ g(ν), if 0  r < ν and X0,X1, . . . ,Xr ∈H+,
we have [X0,X1, . . . ,Xr,Ξ ] ∈ g+ ⊂ a. Thus by (7.3) we obtain Ξ ∈ a(ν) ⊂ g+. Since a(ν)
is an ideal in a, we obtain that
[A0,A1, . . . ,Aν,Ξ ] ∈ a(ν) ⊂ g+
for all A0,A1, . . . ,Aν ∈ a. This shows that also the m˜′-component of grν(Ξ) is zero.
Therefore grν(Ξ) = 0 and we conclude that
H
(
gr(g,q)
)⊂⊕
p<ν
grp(g),
hence is finite dimensional. By Serre’s criterion, this completes the proof of the theo-
rem. 
Remark. From the theorem above we can obtain an a priori bound for the dimension of g
when (g,q) is an ideal nondegenerate transitive fundamental CR algebra.
Indeed, for a nondegenerate CR algebra, the dimension of g is less or equal to the dimen-
sion of the corresponding Levi–Tanaka algebra. In general, we can consider the projection
of gr(g) into m˜′′ induced by the direct sum decomposition (9.5). Since m′′ ⊃⊕p−2 mp ,
its kernel is contained in H(gr(g,q)). Then an estimate of the dimension of this kernel can⊕ ⊕
be obtained by observing that it is contained in p0 grp(g)⊕ 1pν−1 m˜′p . Since the
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such that for each fixed Θ1, . . . ,Θp ∈ m′ the map
m′  Θ → ω(Θ,Θ1, . . . ,Θp) ∈ m′
is C-linear, we shall obtain an estimate of the dimension by computing, in terms of the
dimension of m′ and of the integer ν, the dimension of the vector space consisting of
these maps. A further refinement can be obtained by noting that the elements of gr0(g)
belonging to m˜′0 are nilpotent C-linear endomorphisms T of m′, having the property that
T (Am) ⊂ Am+1 for m 0, where we set Aj = {gr−1(A) | A ∈ a(j)}.
Example. Consider the canonical isomorphism C4  H2 and let M be the submanifold of
the flag manifold F1,3(C4) consisting of the pairs (α,β) such that the quaternionic line of
α is contained in the hyperplane β:
M = {(α,β) ∈ F1,3(C4) | α ⊂ H · α ⊂ β}.
This is a (generic) CR submanifold of type (3,2) of the complex manifold F1,3(C4), of
the second kind, and with a nondegenerate Levi form, corresponding to a singular pencil
of Hermitian 3 × 3 matrices (see [7]; it is therefore 1-pseudoconcave according to [4]).
Its group of CR automorphisms is finite dimensional, and hence a Lie group, whose Lie
algebra is isomorphic to su∗(4) = sl(2,H) and has dimension 15. The corresponding Levi–
Tanaka algebra m˜ was computed in [7] and has dimension 18: it is not semisimple and has
a Levi–Malcev decomposition m˜ = s⊕ r with s  sl(2,C)⊕ sl(2,R) and a 9-dimensional
radical r.
10. Prolongations and reductions
First we show that nondegeneracy is invariant for local CR isomorphisms.
Theorem 10.1. Let Φ = (φ, φˆ|q′q ) : (g,q) → (g′,q′) be a local CR isomorphism. Then we
have:
(i) (g,q) is ideal nondegenerate ⇔ (g′,q′) is ideal nondegenerate;
(ii) (g,q) is weakly nondegenerate ⇔ (g′,q′) is weakly nondegenerate;
(iii) (g,q) is strictly nondegenerate ⇔ (g′,q′) is strictly nondegenerate.
Proof. (i, ⇒) If a′ is an ideal of g′ contained in H′+, then a = φ−1(a′) is an ideal of g
contained in H+ and a ⊂ g+ if and only if a′ ⊂ g′+.
(i, ⇐) To prove the opposite implication we use the characterization of ideal nonde-
generacy given by Theorem 7.3. Let Y ∈H+ \ g+. Then φ(Y ) ∈H′+ \ g′+ and therefore,
by Theorem 7.3, we can find X′1, . . . ,X′m ∈H′+ such that [X′1, . . . ,X′m,φ(Y )] /∈H+. We
choose the smallest m for which this is true (i.e., we assume that [A′1, . . . ,A′r , φ(Y )] ∈H′+
for all A′1, . . . ,A′r ∈H′+ if r < m). For each j = 1, . . . ,m we choose Xj ∈H+ such that
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it suffices to verify that φ([X1, . . . ,Xm,Y ]) /∈H′+. We have in fact:
φ
([X1, . . . ,Xm,Y ])= [X′1 +A′1, . . . ,X′m +A′m,φ(Y )]
and the right-hand side is the sum of [X′1, . . . ,X′m,φ(Y )] /∈H′+ and of terms of the form[B ′1, . . . ,B ′m,φ(Y )] with B ′1, . . . ,B ′m ∈H′+ and at least one of the B ′j ’s belonging to g′+.
We claim that all terms of this form belong to H′+. This is clear indeed if B ′1 ∈ g′+:
by the choice of m we have [B ′2, . . . ,B ′m,φ(Y )] ∈ H′+ and thus [B ′1, . . . ,B ′m,φ(Y )] =[B ′1, [B ′2, . . . ,B ′m,φ(Y )]] ∈ H′+. When the first j for which B ′j ∈ g+ is > 1, we use the
identity:
[
B ′1, . . . ,B ′j , . . . ,B ′m,φ(Y )
]
= [B ′j , [B ′1, . . . ,B ′j−1,B ′j+1, . . . ,B ′m,φ(Y )]]
+
j−1∑
i=1
[
B ′1, . . . ,B ′i−1,
[
B ′i ,B ′j
]
,B ′i+1, . . . ,B ′j−1,B ′j+1, . . . ,B ′m,φ(Y )
]
.
All terms on the right-hand side are in H′+ by our choice of m. Since this argument applies
to an arbitrary Y ∈H+ \ g+, it follows that (g,q) is ideal nondegenerate by Theorem 7.3.
(ii, ⇒) Let Z¯′ ∈ q′ \ q′. Since Φ is a local CR isomorphism, there is Z ∈ q \ q such that
A′ = Z¯′ − φˆ(Z¯) ∈ q′ ∩ q′. Since (g,q) is weakly nondegenerate, by Theorem 6.2 there are
W1, . . . ,Wm ∈ q such that [W1, . . . ,Wm, Z¯] /∈ q + q. Since Φ is a local CR isomorphism,
φˆ([W1, . . . ,Wm, Z¯]) /∈ q′ + q′. Noting that [φˆ(W1), . . . , φˆ(Wm),A′] ∈ q′, we obtain that[
φˆ(W1), . . . , φˆ(Wm), Z¯
′]= φˆ([W1, . . . ,Wm, Z¯])+ [φˆ(W1), . . . , φˆ(Wm),A′] /∈ q′ + q′.
Because this is valid for every Z′ ∈ q′ \q′, (g′,q′) is weakly nondegenerate by Theorem 6.2.
(ii, ⇐) Fix Z¯ ∈ q \ q. Then φˆ(Z¯) ∈ q′ \ q and by the assumption that (g′,q′) is weakly
nondegenerate we can find W ′1, . . . ,W ′m ∈ q′ such that [W ′1, . . . ,W ′m, φˆ(Z¯)] /∈ q′ + q′.
We choose the positive integer m to be the minimum with this property, i.e., we have
[U1, . . . ,Up, φˆ(Z¯)] ∈ q′ + q′ if U1, . . . ,Up ∈ q′ and p <m. For each j = 1, . . . ,m there is
Wj ∈ q such that A′j = φˆ(Wj )−W ′j ∈ q′ ∩ q′. Then we claim that
φˆ
([
W1, . . . ,Wm, Z¯
])= [W ′1 +A′1, . . . ,W ′m +A′m, φˆ(Z¯)] /∈ q′ + q′.
Indeed the right-hand side is the sum of [W ′1, . . . ,W ′m, φˆ(Z¯)] /∈ q′ + q′ and of terms of
the form [B ′1, . . . ,B ′m, φˆ(Z¯)] with B ′1, . . . ,B ′m ∈ q′ and at least one B ′j in q′ ∩ q′. If B ′1 ∈
q′ ∩q′, then [B ′2, . . . ,B ′m, φˆ(Z¯)] ∈ q′ +q′ by our choice of m and [B ′1,B ′2, . . . ,B ′m, φˆ(Z¯)] =
[B ′1, [B ′2, . . . ,B ′m, φˆ(Z¯)]] ⊂ [B ′1,q + q′] ⊂ q′ + q′. If the first j for which B ′j ∈ q′ ∩ q′ is
> 1, we use the identity:
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B ′1, . . . ,B ′j , . . . ,B ′m, φˆ
(
Z¯
)]
= [B ′j , [B ′1, . . . ,B ′j−1,B ′j+1, . . . ,B ′m, φˆ(Z¯)]]
+
j−1∑
i=1
[
B ′1, . . . ,
[
B ′i ,B ′j
]
, . . . ,B ′j−1,B ′j+1, . . . ,B ′m, φˆ
(
Z¯
)]
.
By our choice of m all terms on the right-hand side belong to q′ +q′, thus [B ′1, . . . ,B ′j , . . . ,
B ′m, φˆ(Z¯)] ∈ q′ + q′. Therefore φˆ([W1, . . . ,Wm, Z¯]) /∈ q′ + q′ and we conclude that
[W1, . . . ,Wm, Z¯] /∈ q+ q. This holds true for every Z¯ ∈ q \ q, thus (g,q) is weakly nonde-
generate by Theorem 6.2.
(iii, ⇔) We repeat the arguments used in the proof of the implications in (ii), using
Lemma 2.1 instead of Theorem 6.2. 
Remark. (i, ⇒) can also be proved by an argument similar to the one used for (ii, ⇒).
As a consequence we obtain that, if (g,q) is ideal nondegenerate, the smallest ν such
that for any given Y ∈ H+ \ g+, we can find r  ν vectors X1, . . . ,Xr ∈ H+ verifying
[X1, . . . ,Xr,Y ] /∈H+ is an integer which is invariant for local CR isomorphisms.
Likewise, when (g,q) is weakly nondegenerate, we obtain another minimal ν′ such that,
for every element Z¯ ∈ q \ q, we can find Z1, . . . ,Zr ∈ q with r  ν′ and [Z1, . . . ,Zr , Z¯] /∈
q+ q. This number ν′ is also invariant for local CR isomorphisms.
Let (g,q) be a transitive CR algebra. A transitive prolongation of (g,q) is a local CR
algebras isomorphism: (
φ,φ|q′q
)
: (g,q) → (g′,q′) (10.1)
in which the CR algebra (g′,q′) is transitive.
Recall that, by Corollary 4.4, if (10.1) is a transitive prolongation the map φ :g → g′ is
a real Lie algebras monomorphism.
If there exists a transitive prolongation (10.1), we say equivalently that (g′,q′) is a pro-
longation of (g,q) or that (g,q) is a reduction of (g′,q′).
Since the composition of two transitive prolongations is a transitive prolongation, pro-
longations define a partial order relation
(g,q) ≺ (g′,q′) ⇔ (g′,q′) is a prolongation of (g,q) (10.2)
in the category CRtr of transitive CR algebras.
From Theorem 9.1 and the following remark we obtain:
Theorem 10.2. Every ideal nondegenerate transitive fundamental CR algebra (g,q) ad-
mits, modulo isomorphisms, a unique maximal transitive prolongation.
Proof. Let (g,q) be an ideal nondegenerate transitive fundamental CR algebra. By Theo-
rem 9.1 we know that g is finite dimensional. Hence g is the Lie algebra of a connected and
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M(e) be the germ of analytic submanifold of G which is the image of an arbitrary small
open neighborhood of 0 in N by the exponential map. Denote by X(e) the Lie algebra of
the germs at e of analytic vector fields on M(e). The local action of G on M(e) defines a
homomorphism of g into X(e) (see [2, Part II, Chapter 1, §§1 and 2]), which is injective
because g is transitive.
If (g′,q′) and (g′′,q′′) are transitive prolongations of (g,q), we can always assume that
g ⊂ g′ and g ⊂ g′′ and that the prolongation map in both cases is the inclusion. Then we
note that g′ = g′+ + g and g′′ = g′′+ + g. Thus, with the same subspace N ⊂ g as before, we
have g′ = g′+ ⊕ N and g′′ = g′′+ ⊕ N . It follows that both g′ and g′′ have a faithful repre-
sentation as subalgebras X(g′) and X(g′′) of X(e). Then the subalgebra of X(e) generated
by X(g′)+X(g′′) is a transitive prolongation of both. From the remark after Theorem 9.1,
we deduce that there is a maximal finite dimensional prolongation. Uniqueness is an easy
consequence of the argument we have used in the proof. 
The partial order relation ≺ defines an order relation in the quotient category [CR] of
CR modulo CR isomorphisms. We consider the sub-category [CR]f of [CR] consisting of
the equivalence classes of CR isomorphic finite dimensional CR algebras. We construct a
graph in [CR]f by connecting the equivalence classes of (g,q) and (g′,q′) with an edge if
and only if one precedes the other in the partial order ≺. The arc-connected components of
this graph give a partition of [CR]f , defining a quotient category CRM, which we may call
the category of germs of homogeneous CR manifolds. By Theorem 10.1, if a CR algebra
(g,q) involved in the tree defining an element M(o) of CRM is ideal (respectively weakly,
strictly) nondegenerate, then the other elements of the tree are ideal (respectively weakly,
strictly) nondegenerate. In this case we say that M(o) is ideal (respectively weakly, strictly)
nondegenerate.
It is useful to consider the prolongations of the complex pair associated to a CR algebra.
We say that a complex pair (gˆ,q) is transitive if q does not contain any nontrivial ideal
of gˆ. Note that the CR algebra (g,q) is transitive whenever the corresponding complex pair
(gˆ,q) is transitive. The converse is not true in general. Indeed, we have the following:
Lemma 10.3. Assume that the CR algebra (g,q) is fundamental transitive and ideal non-
degenerate. Then the complex pair (gˆ,q) is transitive.
Proof. Let i be an ideal of gˆ contained in q. Then i + i¯ is still an ideal of gˆ, which is
contained in q+ q¯. Thus, (i+ i¯)∩ g is an ideal of g contained g∩ (q+ q¯) =H+, and so is
trivial. It follows that i = {0}. 
Let (gˆ,q) and (gˆ′,q′) be two transitive complex pairs. Let φˆ : gˆ → gˆ′ be a homomor-
phism of complex Lie algebras such that φˆ(q) ⊂ q′. The map
(
φˆ, φˆ|q′q
)
:
(
gˆ,q
)→ (gˆ′,q′) (10.3)is called a complex prolongation if
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(2) the C-linear map induced by φˆ on the quotients:
gˆ
φˆ
gˆ′
gˆ/q gˆ′/q′
(10.4)
is a C-linear isomorphism.
A complex prolongation that is also an isomorphism of the underlying Lie algebras is
called an isomorphism of complex pairs.
The proof of the following lemma only requires checking some elementary linear alge-
bra:
Lemma 10.4. Let (10.1) be a prolongation of CR fundamental transitive and ideal non-
degenerate CR algebras. Then the corresponding map (φˆ, φˆ|q′q ) : (gˆ,q) → (gˆ′,q′) is a pro-
longation of transitive complex pairs.
Example. Let g be the real Lie algebra of the 4 × 4 complex matrices of the form

0 0 0 0
−z¯1 √−1t −z¯2 0
z3 z2 −√−1t 0√−1s z1 −z¯3 0
 with z1, z2, z3 ∈ C, t, s ∈ R.
Its complexification gˆ is the algebra of complex matrices of the form

0 0 0 0
ζ1 ζ2 ζ3 0
ζ4 ζ5 −ζ2 0
ζ6 ζ7 ζ8 0
 with ζ1, . . . , ζ8 ∈ C.
The space q of matrices of gˆ of the form

0 0 0 0
0 ζ1 ζ2 0
0 0 −ζ1 0
0 0 ζ3 0
 for ζ1, ζ2, ζ3 ∈ C
is a subalgebra of gˆ and (g,q) is a CR algebra of type (2,3). Note that g+ is the set of
matrices in g with z1 = z2 = z3 = s = 0, g(−1) =H+ is the set of matrices in g with z1 =
s = 0, g(−2) = g, so that (g,q) is fundamental (of kind 2), nondegenerate and transitive.
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abolic q′ corresponding to the set of 4 × 4 matrices in sl(4,C) of the form:

a11 a12 a13 a14
0 a22 a23 a24
0 0 a33 a34
0 0 a43 a44
 .
This is the maximal prolongation (see the following section).
11. Prolongations of parabolic CR algebras
In this section we investigate the maximal transitive prolongations for a class of CR
algebras that generalize semisimple Levi–Tanaka algebras (see [5]).
A CR algebra (g,q) is called parabolic if g is finite dimensional, and q is a parabolic
subalgebra of its complexification gˆ.
We will show that parabolic CR algebras with a simple gˆ are maximal with respect to
transitive prolongation, with the exception of the cases discussed in the following three
examples.
Example I. For a complex line  in C2n, with n  2, denote by q() ⊂ sl(2n,C) the
parabolic subalgebra consisting of all Z ∈ sl(2n,C) for which Z() ⊂ . Modulo CR iso-
morphisms, there are two nonisomorphic CR algebras (sl(2n,R),q()), corresponding to
the following cases:
(I-A) ∩ R2n = {0};
(I-B) ∩ R2n = {0}.
In the first case (sl(2n,R),q()) is totally real (of dimension 2n−1), in the second case
it is totally complex (of CR dimension 2n− 1).
It is easy to check that in each case (sl(2n,R),q()) is a prolongation of the parabolic
CR algebra (sp(n,R),q()∩ sp(n,R)).
We consider next a Hermitian symmetric bilinear form K on C2n, of signature (2p,2q)
with 1 p  q , and the Lie algebra su(2p,2q) consisting of all Z ∈ sl(2n,C) satisfying
t Z¯K +KZ = 0.
Modulo CR isomorphisms, we distinguish two nonisomorphic CR algebras (su(2p,2q),
q()), depending on whether  is or is not isotropic for K .
In the first case (su(2p,2q),q()) has CR dimension 2n− 2 and CR codimension one,
in the second case it is totally complex, of CR dimension 2n− 1.
In each case (su(2p,2q),q()) is a prolongation of the parabolic CR algebra (sp(p, q),
q()∩ sp(p, q)).
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R3  v =
(
v1
v2
v3
)
→ v× = 1√
2
( 0 −v3 v2
v3 0 −v1
−v2 v1 0
)
∈ o(3), (11.1)
and o(3,4) to the algebra of real 7 × 7 matrices X satisfying tXK +KX = 0, where
K =
(
I3
1
I3
)
. (11.2)
The noncompact exceptional real Lie algebra gR2 can be represented as the Lie subalgebra
of o(3,4) consisting of matrices of the form:(
A v −w×
tw 0 −tv
v× −w −tA
)
with v,w ∈ R3 and A ∈ sl(3,R). (11.3)
The complexification of o(3,4) is the complex Lie algebra so(7,C), consisting of complex
7 × 7 matrices Z such that tZK +KZ = 0, that contains the complexification g2 of gR2 .
Consider a one-dimensional K-isotropic subspace  of C7 (t zKz = 0 for all z ∈ ), and
let q() be the parabolic subalgebra of so(7,C) consisting of all Z ∈ so(7,C) for which
Z() ⊂ .
Modulo CR isomorphisms, there are exactly four nonisomorphic CR algebras (o(3,4),
q()):
(II-A)  is the complexification of a real line in R7: we can take for instance  = Ce1; then
(o(3,4),q()) is totally real of real dimension 5;
(II-B)  is generated by a complex vector, whose real and imaginary parts are linearly
independent over R, and generate a totally isotropic real plane in R7 for K : we
can take for instance  = C(e1 + ie2); then (o(3,4),q()) is a fundamental strongly
nondegenerate CR algebra, with CR dimension 4 and CR codimension 1 (of hyper-
surface type); 2
(II-C)  is generated by a complex vector z with z∗Kz < 0; we can take for instance  =
C(e1 + ie2 − e5 − ie6); then (o(3,4),q()) is totally complex of CR dimension 5;
(II-D)  is generated by a complex vector z with z∗Kz > 0; we can take for instance
 = C(e1 + 2ie4 + 2e5); then (o(3,4),q()) is totally complex of CR dimension 5.
In each case, the CR algebra (o(3,4),q()) is a prolongation of the parabolic CR al-
gebra (gR2 ,q() ∩ g2). Indeed, it is clear that (gR2 ,q() ∩ g2) is a CR subalgebra of
(o(3,4),q()). Then the CR isomorphisms are proved by verifying that T (o(3,4),q())
and T (gR2 ,q()∩ g2) have the same dimension.2 The corresponding CR manifold M is 2-pseudoconcave and pseudoconcave at infinity (see [4]).
C. Medori, M. Nacinovich / Journal of Algebra 287 (2005) 234–274 267Example III. Let K be a symmetric nondegenerate real 2n × 2n matrix, with p positive
and q negative eigenvalues, with n  3 and 1  p  q , p + q = 2n. Let so(p, q) be the
Lie algebra of X ∈ sl(2n,R) satisfying tXK +KX = 0.
For an n-dimensional complex subspace α of C2n, with t zKz = 0 for all z ∈ α, we set:
q(α) = {Z ∈ so(2n,C) | Z(α) ⊂ α}.
Then (so(p, q),q(α)) is a parabolic CR algebra.
Let V be a hyperplane of R2n on which the restriction of the quadratic form v → t vKv
has signature (p − 1, q). We identify so(p − 1, q) with the Lie algebra of all X ∈ so(p, q)
for which X(V ) ⊂ V . If p = dimC(α∩ α¯), and Vˆ ⊂ C2n is the complexification of V , then
dimC(α ∩ α¯ ∩ Vˆ ) = p − 1. In this case, (so(p, q),q(α)) is a prolongation of the parabolic
CR algebra (so(p − 1, q),q(α)∩ so(p − 1, q)). Their CR dimension and codimension are
respectively equal to n(n− 1)/2 − p(p − 1)/2 and p(p − 1)/2 (totally real when p =
q = n).
We have the following:
Theorem 11.1. Assume that (g,q) is a fundamental (transitive ideal nondegenerate) CR
algebra such that gˆ is simple and q is a parabolic subalgebra of gˆ. Then (g,q) is maximal
with respect to transitive prolongations, with the exception of the cases in Examples I, II,
III above.
Proof. By Lemma 10.4, if (g,q) is a fundamental transitive ideal nondegenerate CR al-
gebra having a nontrivial prolongation, then the complex pair (gˆ,q) admits a complex
prolongation.
According to a Theorem of Onishchik (see [10] or [2, Part II, Chapter 2, Theorem 4.10]),
the complex pair (gˆ,q), where gˆ is simple and q parabolic, admits a nontrivial transitive
prolongation (gˆ′,q′) only in the following three cases:
(I) gˆ = sp(2n,C) = {Z ∈ gl(2n,C) | tZΩ + ΩZ = 0}, where Ω = ( In−In ), l  2 and
q is the Lie subalgebra of Z ∈ gˆ such that Z() ⊂  for a complex line in C2n. Then
there is a nontrivial prolongation with gˆ′ = sl(2n,C).
(II) gˆ = g2(C) ⊂ so(7,C), acting on the quadric
Q5 =
{ 7∑
j=1
z2j = 0
}
⊂ CP6,
and q is the Lie subalgebra of the elements of gˆ fixing a point of Q5. In this case the
prolongation is obtained with gˆ′ = so(7,C).
(III) gˆ = so(2n − 1,C) ⊂ so(2n,C), n  3, acting on the manifold F of n-dimensional
totally isotropic subspaces of C2n (for a nondegenerate symmetric bilinear form) and
q is the Lie subalgebra of the elements of gˆ fixing a point of F . The algebra gˆ′ =
so(2n,C) yields a prolongation.
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Now we turn to consider the case of a parabolic transitive CR algebra (g,q) with g
simple of the complex type.
Example IV. For a pair of complex lines (1, 2) ⊂ C2n × C2n we consider the parabolic
subalgebra q(1, 2) ⊂ gˆ = sl(2n,C) ⊕ sl(2n,C) of pairs (Z1,Z2) such that Z1(1) ⊂ 1
and Z2(2) ⊂ 2.
We consider g = sl(2n,C) as a real subalgebra of gˆ by the inclusion g  Z →
(Z, Z¯) ∈ gˆ.
There are two nonisomorphic CR algebras (g,q(1, 2)), corresponding to the following
cases:
(IV-A) 1 = 2;
(IV-B) 1 = 2.
In (IV-A), (g,q(1, 1)) is totally real, of CR codimension 4n−2; in (IV-B) (g,q(1, 2))
is totally complex, of CR dimension 4n− 2.
Let g′ = sp(n,C) = {Z ∈ sl(2n,C) | tZΩ +ΩZ = 0}, with Ω = ( −InIn ). Consider g′
as a real Lie subalgebra of gˆ′ = sp(n,C) ⊕ sp(n,C) by the inclusion g′  Z → (Z, Z¯) ∈
gˆ′. We set q′(1, 2) = gˆ′ ∩ q(1, 2). Then, modulo CR isomorphisms, there are three
nonequivalent CR algebras (g′,q′(1, 2)), corresponding to the following cases:
(IV-A′) 1 = 2;
(IV-B′) 1 = 2 and the rank of Ω|1+2 is 4;
(IV-C) 1 = 2 and the rank of Ω|1+2 is 2.
We observe that (IV-A) is a transitive CR prolongation of (IV-A′), and likewise (IV-B)
is a transitive CR prolongation of (IV-B′), while (IV-C) is maximal.
Example V. We keep the notation of Example II. We consider the complex Lie algebra
g = g2 ⊂ g′ = so(7,C) as a real subalgebra of gˆ = g2 ⊕ g2, via g  Z → (Z, Z¯) ∈ gˆ. For
each pair (1, 2) of isotropic complex lines in C7, we consider the parabolic q(1, 2) =
{(Z1,Z2) ∈ gˆ | Z1(1) ⊂ 1,Z2(2) ⊂ 2} ⊂ gˆ. Modulo CR isomorphisms, there are four
nonequivalent CR algebras (g,q(1, 2)):
(V-A) 1 = ¯2 = Ce1: type (0,10);
(V-B) 1 = Ce1, 2 = Ce7: type (4,6);
(V-C) 1 = Ce1, 2 = Ce2: type (8,2);
(V-D) 1 = Ce1, 2 = Ce5: type (10,0).
We set gˆ′ = g′ ⊕ g′ and q′(1, 2) = {(Z1,Z2) ∈ gˆ′ | Z1(1) ⊂ 1, Z2(2) ⊂ 2} ⊂ gˆ.
Then there are only three nonequivalent CR algebras of the form (g′,q′(1, 2)):
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(V-C′) 1 = C e1, 2 = C e2: type (8,2), which is a prolongation of (V-C);
(V-D′) 1 = C e1, 2 = C e5: type (10,0), which is a prolongation of (V-D).
Example VI. We keep the notation of Example III. Set g′ = so(2n,C) = {Z ∈ sl(2n,C) |
tZ + Z = 0} and g = so(2n − 1,C) = {Z ∈ g′ | Z(e2n) = 0}. We consider g and g′ as
real Lie subalgebras of the complex Lie algebras gˆ = g ⊕ g and gˆ′ = g′ ⊕ g′ via the map
Z → (Z, Z¯).
To each pair of totally isotropic n-planes (α,β) in C2n, we associate q′(α,β) =
{(Z1,Z2) ∈ gˆ′ | Z1(α) ⊂ α, Z2(β) ⊂ β}, which is parabolic in gˆ′, and q(α,β) = q′(α,β)∩
gˆ, which is parabolic in gˆ.
Then there are n nonisomorphic CR algebras (g,q(α,β)), each having the prolongation
(g′,q′(α,β)), parametrized by the dimension k of the intersection α ∩ β¯ ∩ C2n−1, where
C2n−1 is the span of e1, . . . , e2n−1 in C2n. Depending on the parameter k, the CR dimen-
sion and CR codimension of (g,q(α,β)) and (g′,q′(α,β)) are {n(n − 1) − k(k + 1)} and
k(k + 1), respectively.
We have the following:
Theorem 11.2. Assume that (g,q) is a fundamental (transitive ideal nondegenerate) CR
algebra such that g is simple of the complex type and q is a parabolic subalgebra of gˆ 
g ⊕ g. Then (g,q) is maximal with respect to transitive prolongations, with the exception
of the cases in Examples IV, V, VI above.
For general parabolic transitive CR algebras we obtain:
Theorem 11.3. Assume that (g,q) is a fundamental transitive ideal nondegenerate CR
algebra with g semisimple and q parabolic. Let g =⊕kj=1 gj be its decomposition into the
direct sum of its simple ideals. Then q =⊕kj=1 qj with qj = gˆj ∩ q parabolic in gˆj . Each
CR algebra (gj ,qj ) is fundamental, transitive and ideal nondegenerate. If (g′j ,q′j ) is the
maximal transitive prolongation of (gj ,qj ), then(
k⊕
j=1
g′j ,
k⊕
j=1
q′j
)
is the maximal transitive prolongation of (g,q).
12. Completion
Let (g,q) be a transitive fundamental CR algebra. Denote by d˜0 the set of all derivations
D :g → g such that D(g+) ⊂ g+ and D(H+) ⊂ H+. By the definition of the canonical
filtration, these are just the 0-degree derivations of the filtered algebra (g, {g(p)}p∈Z). To
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diagram
H+ D H+
H
λ(D)
H
commute. The set d0 of all derivations D ∈ d˜0 such that λ(D) is C-linear on H is a Lie
subalgebra of the algebra of derivations of g.
The Lie product in d0 ⊕ g is defined by:[
(D1,X1), (D2,X2)
]= ([D1,D2], [X1,X2] +D1(X2)−D2(X1)).
Each element A ∈ g+ defines a derivation DA ∈ d0 by the formula:
DA(X) = [A,X] ∀X ∈ g.
The subset g˜+ = {(DA,−A) | A ∈ g+} is an ideal in d0 ⊕ g. Denote by g′ the quotient
g′ = (d0 ⊕ g)/g˜+ and by π :d0 ⊕ g → g′ the corresponding projection. Let πˆ be the
C-linear extension of π and set q′ = πˆ(d̂0 ⊕ q). By passing to the quotient, the map
g  X → (0,X) ∈ d0 ⊕ g
induces a monomorphism φ :g → g′ of Lie algebras. Its C-linear extension φˆ has the prop-
erty that φˆ(q) ⊂ q′. Finally (g′,q′) is transitive and (φ,φ|q′q ) : (g,q) → (g′,q′) is a transitive
CR prolongation of (g,q).
We call the algebra (g′,q′) obtained in this way the first canonical prolongation of (g,q)
and we write: (
g′,q′
)= Prol1(g,q). (12.1)
Clearly we can iterate this procedure and define inductively:
Prolm+1(g,q) = Prol1(Prolm(g,q)) for m 1. (12.2)
We define the completion Compl(g,q) of (g,q) to be the inductive limit of the sequence
{Prolm(g,q)} with respect to the canonical inclusion maps Prolm(g,q) → Prolm+1(g,q):
Compl(g,q) = lim
m→∞ Prol
m(g,q). (12.3)A CR algebra (g,q) such that Prol1(g,q) = (g,q) will be called derivation-complete.
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transitive prolongation which is derivation-complete and all its maximal transitive prolon-
gations are derivation-complete.
Theorem 12.2. Let (g,q) be a fundamental transitive nondegenerate CR algebra. Then the
maximal pseudo-complex prolongation (m˜, J ) of (gr(g,q), J ) is a finite dimensional Levi–
Tanaka algebra. Let Em˜ denote the characteristic element of m˜. If g(0) contains an element
E such that gr0(E) = Em˜, then (g,q) admits a unique maximal prolongation, which is CR
isomorphic to the CR algebra associated to the Levi–Tanaka algebra (m˜, J ).
In particular, if dimR g = dimR m˜, then (g,q) is CR isomorphic to the CR algebra as-
sociated to the Levi–Tanaka algebra m˜.
Proof. Let E′ ∈ g(0) be such that gr0(E′) = Em˜. We can assume that (g,q) is derivation
complete. In particular, g(0) = g+ is an algebra of derivations of g, hence contains the
semisimple part E and the nilpotent part N of E′. Since adm˜(Em˜) is split and has inte-
gral eigenvalues, also adg(E) is split and has integral eigenvalues. Indeed all (complex)
eigenvalues of adg(E) are also eigenvalues of adg(E′), hence of adm˜(Em˜).
Thus g =⊕p∈Z gp where gp = {X ∈ g | [E,X] = pX} is a Z-grading of g and the map
g → m˜ that associates the element grp(X) to X ∈ gp is a monomorphism of Z-graded alge-
bras. Since every prolongation of (g,q) will be associated to a pseudo-complex graded Lie
algebra, because g contains the characteristic element E, it follows that the maximal pro-
longation of the CR algebra (g,q) coincides with the CR algebra associated to (m˜, J ). 
13. Locally homogeneous CR manifolds
In this section we clarify the geometrical meaning of the algebraic notions discussed in
the paper.
Let (M,HM,J ) be a CR manifold of type (n, k) (cf. [4] or [5] for the relevant
definitions). Define as usual T 1,0M = {X − √−1JX | X ∈ HM} ⊂ CTM , T 0,1M =
{X + √−1JX | X ∈ HM} ⊂ CTM .
We say that M is:
• of finite kind if the higher order commutators of C∞(M,HM) span TpM at each point
p of M ;
• strictly nondegenerate at p if, for each L ∈ T 1,0p M , there exists Z ∈ T 0,1p M such that,
for some L˜ ∈ C∞(M,T 1,0M), Z˜ ∈ C∞(M,T 0,1M) with L˜p = L, Z˜p = Z, we have[
Z˜, L˜
]
p
/∈ T 1,0p M ⊕ T 0,1p M;
• weakly nondegenerate at p if, for each L˜ ∈ C∞(M,T 1,0p M) with L˜p = 0, there exist
Z˜1, . . . , Z˜m ∈ C∞(M,T 0,1M) such that[ ˜ ˜ ˜ ] 1,0 0,1Z1, . . . ,Zm,L p /∈ Tp M ⊕ Tp M.
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vector field X at p that is tangent to M at all points of a neighborhood of p in M
(see [1]).
Denote by hol(M,p) the Lie algebra of germs of real analytic infinitesimal CR auto-
morphisms of M at p ∈ M . These are germs of real analytic tangent vectors X satisfying
[X,C∞(M,T 0,1M)] ⊂ C∞(M,T 0,1M) (see Theorem 12.4.2 of [1]).
Set G = hol(M,p) and
Q = {Z ∈ C ⊗R hol(M,p) | Zp ∈ T 0,1p M}. (13.1)
Then (G,Q) is a CR algebra.
For every subalgebra g of hol(M,p), the pair (g,q) = (g,g ∩ Q) is also a CR algebra
and
H+(g,q) = {X ∈ g | Xp ∈ HpM}.
If dimG/G+ = dimg/g+, then (G,Q) is a prolongation of (g,q).
Lemma 13.1. For a subalgebra g of hol(M,p), the set
h = {X ∈ g | X ∈ C∞(M,HM)}, (13.2)
is an ideal of g contained in H+.
Proof. For every X ∈ h and Y ∈ g, we have [X,Y ] ∈ C∞(M,HM) and so [X,Y ] ∈ h. 
A CR manifold M is locally homogeneous at p if the CR structure is real analytic at p
and {Xp | X ∈ G} = TpM .
Let (g,q) be a CR algebra. Assume that g is finite dimensional. Let G be a Lie group
with Lie algebra g and G+ a subgroup of G with Lie algebra g+ = g∩ q. If G+ is closed,
the quotient G/G+ is a smooth G-homogeneous CR manifold, naturally associated to the
CR algebra (g,q).
Our general assumptions do not imply that G+ is closed. However, in general, we have
(cf. [2, Ex. 6, p. 105]):
Lemma 13.2. Let (g,q) be a CR algebra, with dim g < ∞. Then there exists a locally
homogeneous CR manifold M such that (G,Q) is a prolongation of (g,q).
The germ of M at the point o stabilized by G+ is uniquely determined by the CR algebra
(g,q), and we shall say that it is associated to (g,q). We have the following:
Proposition 13.3. Let (M,HM,J ) be a CR manifold of type (n, k), which is locally ho-
mogeneous at a point p ∈ M . Let (G,Q) be the CR algebra of real analytic germs of
infinitesimal automorphisms of M at p. Then (M,HM,J ) is holomorphically (respec-
tively weakly, strictly) nondegenerate at p if and only if the CR algebra (G,Q) is ideal
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and only if (G,Q) is fundamental.
Proof. We can assume that M is generically embedded into an (n+ k)-dimensional com-
plex manifold M˜ .
Assume that (G,Q) is ideal degenerate, and let a be a nonzero ideal of G contained in
H+(G,Q). Let X ∈ a, with Xp = 0.
Let Z be a holomorphic vector field, defined in a connected open neighborhood U˜ of p
in M˜ , with Z = X in U˜ ∩M . The condition that X ∈H+(G,Q) is equivalent to the fact
that Zp ∈ TpM .
Let Y1, . . . , Ym ∈ g, and W1, . . . ,Wm be holomorphic vector fields, defined in a possibly
smaller neighborhood U˜ ′ of p in U˜ ⊂ M˜ , with Wj = Yj in U˜ ′ ∩ M . By assumption,
[Y1, . . . , Ym,X] = 2−m[W1, . . . ,Wm,Z] ∈ a ⊂H+, and hence
[W1, . . . ,Wm,Zm]p = 2m[Y1, . . . , Ym,Z]p ∈ TpM.
By the assumption that M is locally homogeneous, the vector fields of G generate Tq at
each point q in a neighborhood of p in M . It follows that Z is a holomorphic vector field
in U˜ which is tangent to M of infinite order at p; therefore, by real analyticity, Z is tangent
to M at all points of U˜ ∩M , and M is holomorphically degenerate at the point p.
Vice versa, if M is holomorphically degenerate at p, there exists a holomorphic vector
field Z = X − √−1JX in a neighborhood of p. The (restriction to M of the) vector field
X belongs to C∞(M,HM) and so the ideal h, defined in (13.2), is nontrivial. Therefore
(G,Q) is ideal degenerate. 
Remark. The proposition above remains valid if we replace (G,Q) by any locally CR
isomorphic CR subalgebra (g,q) of (G,Q).
Thus by our result on the finite dimensionality of the prolongations of ideal nondegen-
erate CR algebras we recover, in the locally homogeneous case, a result of [1]:
Theorem 13.4. The group of CR automorphisms of a holomorphically nondegenerate real
analytic connected CR manifold M of finite kind is a Lie group.
We have the following:
Lemma 13.5. Let (g,q) be a CR algebra of finite dimension and let (M,o) be the associ-
ated germ of locally homogeneous CR manifold. Then (M,o) is weakly degenerate if and
only if there exists a germ of G-equivariant CR fibration π : (M,o) → (M ′, o′) onto a germ
of a homogeneous CR manifold (M ′, o′), having a complex fiber of positive dimension.
Proof. Let G be the connected and simply connected Lie group of g.
If (g,q) is weakly degenerate, then gˆ has a subalgebra q′ such thatq  q′ ⊂ q+ q¯.
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tively. By Corollary 5.6, we have a corresponding (local) G-equivariant fibration of the
germ (M,o) associated to (g,q) onto the germ (M ′, o′) associated to (g,q′), with totally
complex fiber, which is the locally homogeneous complex manifold corresponding to the
subgroup G+ of G′+.
Vice versa: suppose that there exists a G-equivariant CR fibration of (M,o) on (M ′, o′),
with complex fiber. Then the Lie algebra q′+ of G′+ is J -invariant and we have q ⊂ qˆ′+ =
{X + √−1J (X + q′+) | X ∈ Hˆ+} ⊂ q+ q¯. 
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